Abstract. This paper is concerned with numerical procedures for the evaluation of the zeros, with respect to order, of Hankel functions and their derivatives in cases when the arguments of these functions are held fixed. Using Olver's asymptotic expansions, two auxiliary tables have been computed, one appropriate for real and the other for purely imaginary argument. These tables, included herein, permit the calculation of rather accurate approximations to the desired v-zeros for wide ranges of argument and index. Moreover, from the given tabular entries, the errors attendant with any approximate v-zero so determined can be easily estimated.
1. Introduction. In numerous scattering and diffraction problems where circular or spherical boundaries are present, the zeros of Bessel functions (or combinations thereof) are of interest. Previously we have studied, from a theoretical point-of-view [1] , the roots of where these Hankel functions and their derivatives are to be considered as functions of their order v with fixed argument w. We now focus attention on procedures which can be used to obtain numerical values for the v-zeros of these functions. Particular consideration is given to (1.1) and (1.2) for the situation wherein the argument u> is either positive real or purely imaginary. In the latter case it is well known that the v-zeros of H[l)(w) and (d/dw)H[l)(w) are themselves purely imaginary also [6] , [7] . Our point-of-departure is the uniform asymptotic expansion of Olver [2] , [3] for the Hankel function of the first kind.* After reversion, it turns out that auxiliary tabular values may be computed, which allow rather accurate approximation of v-zeros for wide ranges of argument and index. Second differences are included in the tables for purposes of interpolation, and certain limiting cases which extend the domain of applicability are also considered. In a sense, then, the work reported herein complements that already appearing in [1] .
In the absence of "exact" values with which to verify the accuracy of roots of (1.1) and (1.2) computed using our procedures, the attendant error can only be estimated. We have done this in two ways: by calculation of a first-order correction term based upon Olver's representation and by comparison with results obtained using a four-term Debye approximation to the Hankel functions [4] , [5] . In the latter case we show how any inaccuracies in the Debye expression itself might be roughly ascertained.
2. Preliminaries. It should be recalled that the roots of equations (1.1), (1.2), and (1.3) are symmetric about the origin, since e(1/2)v"iíí$,1)(w) and éll2)v*Xdldw)H(yXw) are even functions of v. We need only to concern ourselves, therefore, with v-zeros lying, say, in the upper half-plane. If we enumerate these with the integer index s, in order of increasing magnitude, then as s -» oo, ( 
Ai is the well-known Airy function of the first kind (see [3, pp. 446 ff], for instance) **These results can also be easily established using methods such as those employed in [8] . ***The range |arg v| < \n which Olver gives in [2] is unnecessarily restrictive; his results actually are valid in the larger region -\n < arg v < (3/2)n which includes the upper half of the v-plane as designated herein.
and is an entire function of its argument. The coefficients Ar(Ç), Br(0 given by (2.3), f(Q from (2.4), and z(Q defined by (2.5), however, are only regular analytic functions in a C-plane cut, say, along the rays arg Ç = ±$n from Ç = (3n/2)2l3e±(i/3)ni to infinity. It is by means of this expression that ( and z, which are originally related by (2.5), are now given as implicit functions of w and s. The relation (3.2) can be rewritten as
which for real or purely imaginary w has a right-hand side which is either purely imaginary or real. This suggests that for such arguments w, single-entry tables could be constructed, using (2.5), which would allow easy calculation of approximate v-zeros. In fact, for given /., the equations may be numerically inverted to yield z (or 1/z for convenience). This we have done and the results are tabulated in Tables 1 and 2, to 5 Table 2 for Case q/'(i3/2/z) = ik; v-Zeros Given by w/z.
The v -Zeros of{d/dw)H[l '(w)
. Before proceeding to some typical calculations it is worth noting that analysis compatible with the above can be carried out for the derivatives of the Hankel function with respect to argument. The asymptotic expansion (2.2) can be differentiated term by term, with the result that the v-zeros of (d/dw)HaXw) appear asymptotically as the v-solutions of Ai'(v2/3e(2/3),li0 = 0.
The analogue of (3.2) is then Tables 1 and 2 should also permit easy calculation of approximate v'-zeros for either real or purely imaginary argument w.f | ttFor the smaller v'-zeros particularly, however, the values thus obtained may be a good deal less accurate than the corresponding zeros of H[1}(w). This characteristic phenomenon was observed earlier by Olver [2, p. 345], with regards to ordinary Bessel function zeros. Also see Section 6.
5. Sample Calculations. Let us assume that we are interested in, say, the 5th zero of (d/dw)H[lXw) for various values of w. To carry out the calculation of our approximation we need knowledge of ( -a'5)1/2. This we find from the supplementary Table 3 ofvaluesof(-as)1/2and(-a;)1/2, s = 1(1)50, tobe (-a'5)1/2 = 2.7152.
With w = ¡, for instance, we thus obtain X113 = 2.7152, and hence interpolating from Table 1 which compares very favorably with the more accurate value of 7.6908¿. For the 10th zero of H^\5) the calculation would proceed as follows:
(-a10)1/2 = 3.5817 (from Table 3 Employing a four-term Debye approximation to the Hankel function [4] , [5] we would find v % 13.106 + 16.690¡.
6. Improved Approximations. Within the limits imposed by the accuracy of (2.2) itself, progressively better approximations to the desired v-zeros can be obtained by incorporating higher-order terms of Olver's asymptotic expansion into our analysis. For instance, if we replace (3.1) by the more accurate relation The expressions (6.2) and (6.3) are functions of z and £; in view of (2.5), however, they can be tabulated in terms of z alone. For completeness we have included such values in Tables 1 and 2 . The approximate relation (6.4) will suffice to determine A' in the neighborhood of the singularity at X = 0. The following expressions, moreover, which are in keeping with (3.6), will yield at least three significant figures for large X:
7. The Overall Error. In a considerable number of numerical examples the v-zeros obtained by the methods outlined in this paper have been compared with values computed using a Newton-Raphson procedure applied to a four-term Debye approximation to the Hankel function [4] , [5] . Although we assume that these latter values are usually more accurate than even our improved approximations, they themselves do contain some inaccuracy, however. In the absence of a thorough error analysis, any such inaccuracy might be roughly ascertained as follows : Let In the cases investigated it appeared that five digit accuracy generally prevailed for all but the smallest zero or two.
